
Lpsohphqwdwlrq ri wkh Jrggdug HRS Ndopdq Ilowhu2Vprrwkhu

Mrkq P1 Jlsvrq

Vhswhpehu 56/ 4<<:

Devwudfw

L ghvfuleh wkh dojrulwkpv xvhg lq wkh Jrggdug HRS Ndopdq �owhu hrsbndo1

4 Lqwurgxfwlrq

Wkh rulhqwdwlrq ri wkh vrolg Hduwk fkdqjhv ehfdxvh ri h{whuqdo wrutxhv ru wkh h{fkdqjh ri dqjxodu

prphqwxp ehwzhhq wkh vrolg Hduwk dqg wkh dwprvskhuh dqg wkh rfhdqv1 Wkh wlph hyroxwlrq ri

wklv v|vwhp fdq eh ylhzhg dv reh|lqj wkh iroorzlqj vfkhpdwlf olqhdu htxdwlrq=

g

gw
HRS @ I HRS .J +DDP .RDP, +4,

khuh HRS duh wkh HRS sdudphwhuv/ I lv vrph wudqvihu pdwul{/ J lv dqrwkhu wudqvihu pdwul{/ dqg
DDP dqg RDP vwdqg iru/ uhvshfwlyho|/ wkh dwprvskhuh dqjxodu prphqwxp dqg wkh rfhdq dqjxodu
prphqwxp1 Wkh jrdo ri wklv qrwh lv wr ghulyh d prgho iru HRS zklfk dffxudwho| uhsurgxfhv wkh
vshfwuxp ri HRS1 Wklv prgho zloo wkhq eh xvhg dv d vwduwlqj srlqw iru d Ndopdq �owhu1

Lq wkh iroorzlqj vhfwlrq zh eulh | uhylhz vrph idfwv iurp olqhdu v|vwhp wkhru|1 Wklv lv iroorzhg
e| wkh uhohydqw htxdwlrqv iru d frqwlqxrxv Ndopdq �owhu1 Lq wkh iroorzlqj vhfwlrq zh frqvwuxfw d
prgho iru XW41 Wklv lv iroorzhg e| d prgho iru SP1 Lq pxfk ri wkh zrun zklfk iroorzv zh qhhg
wr hydoxdwh ixqfwlrqv ri wkh irup h{s wD zkhuh D lv d pdwul{1 Dq dsshqgl{ ghulyhv wkh h{solflw
irupxod iru wkh fdvh zkhuh D lv dq duelwudu| 5� 5 pdwul{1

5 Olqhdu V|vwhpv

514 Qrlvhohvv Fdvh

Vxssrvh wkdw zh kdyh vrph prgho zklfk lv vshfl�hg e| d olqhdu �uvw rughu gl�huhqwldo htxdwlrq1

Wklv prgho fdq eh zulwwhq dv=
g

gw
[ @ I[ +5,

zkhuh [ lv d froxpq yhfwru/ dqg I lv d pdwul{1 Wklv htxdwlrq lv dfwxdoo| txlwh jhqhudo/ vlqfh dq|
q0wk rughu olqhdu htxdwlrq fdq eh uhzulwwhq lq wklv irup/ zkhuh wkh pdwul{ lv q� q1 Jlyhq lqlwldo

frqglwlrqv ri wkh [ dw vrph wlph wf wkh vroxwlrq wr wklv htxdwlrq lv=

[+w, @ �+w� wf, [+wf, +6,

4



zkhuh

�+w, @ h{s wI +7,

� L .
"[

�'�

+wI ,�

m$
= +8,

Zh qrz wxuq wr vhyhudo h{dpsohv1

51414 Olqhdu Prwlrq

Zh frqvlghu wkh frxsohg gl�huhqwldo htxdwlrqv

g

gw
{ @ b{ +9,

g

gw
b{ @ 3

zklfk kdv wkh vlpsoh pdwul{ irup

g

gw

#
{

b{

$
@

#
3 4

3 3

$#
{

b{

$
+:,

Wkh jhqhudo vroxwlrq wr wklv lv= #
{+w,
b{+w,

$
@ �+w� wf,

#
{+wf,
b{+wf,

$
= +;,

zkhuh

�+w� wf, @ h{s w

#
3 4
3 3

$
+<,

Lw lv vwudljkwiruzdug wr yhuli| wkdw

#
3 4

3 3

$�

@ 3 m A 4= +43,

Khqfh wkh rqo| whup wkdw dsshduv lq wkh h{srqhqwldo vxp lv wkh m @ 4 whup=

�+w, @ L . w

#
3 4

3 3

$
@

#
4 w

3 4

$
+44,

Lw iroorzv wkdw=

{+w, @ {+wf, . +w� wf, b{+wf, +45,

b{+w, @ b{+wf,

5



51415 Vhfrqg rughu olqhdu htxdwlrq zlwk frqvwdqw frh!flhqwv

Frqvlghu wkh htxdwlrq
g
2

gw2
{
2
. d

g

gw
{. e{ @ 3 +46,

zklfk lv wkh jhqhudo vhfrqg rughu olqhdu htxdwlrq zlwk frqvwdqw frh!flhqwv1 Wklv fdq eh uh0zulwwhq

dv=
g

gw

#
{

b{

$
@

#
3 4

�e �d

$#
{

b{

$
+47,

Lq dq dsshqgl{ zh hydoxdwh wkh h{srqhqwldo ri dq duelwudu| 5�5 pdwul{1 Vxssrvh wkdw d2 A
�
@�

2

�
2

=

Wkhq

�+w, @ h{s w

#
3 4
�e �d

$
+48,

@ h{s+�
d

5
w,�

+
frvw.

vlqw



#
@

2
4

�e
3@

2

$,
+49,

zkhuh

 @

v
e�

�
d

5

�
2

= +4:,

Wkh jhqhudo vroxwlrq iru {+w, lv

{+w, @ h{s+�
d

5
w,

�
frvw {+wf, .

vlqw



�
d

5
{+wf, . b{+wf,

��
+4;,

b{+w, @ h{s+�
d

5
w,

�
frvw b{+wf,�

vlqw


+e{+wf, .

4

5
d b{+wf,

�

515 Uhvsrqvh ri Olqhdu V|vwhpv wr Qrlvh

Lq wkh suhvhqfh ri vwrfkdvwlf surfhvvhv wkh lqlwldo htxdwlrq lv prgl�hg1 D sduwlfxoduo| vlpsoh

prgl�fdwlrq lv=
g

gw
[ @ I[ .J�+w, +4<,

zkhuh �+w, lv d yhfwru zklfk uhsuhvhqwv wkh qrlvh vrxufh1 Wkh irupdo vroxwlrq wr wklv htxdwlrq lv
jlyhq e|=

[+w, @ �+w� wf,[+wf, .

|]

|f

�+w� �,J�+�,g� +53,

Vxssrvh wkdw zh duh lqwhuhvwhg lq wkh v|vwhp diwhu d orqj wlph/ vd| dq lq�qlwho| orqj wlph/ dqg

wkdw

�+w� +�4f,,[+�4, @ 3 +54,

Wklv htxdwlrq zloo eh vdwlv�hg li lqlwldoo| wkh v|vwhp lv dw uhvw/ ru li wkh wudqvihu pdwul{ lv 3 iru odujh
wlph gl�huhqfhv1 Lq wklv fdvh wkh v|vwhp lv gulyhq hqwluho| e| wkh qrlvh/ dqg zh kdyh=

[+w, @

|]

3"

�+w� �,J�+�,g� +55,
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Li �+w, fdq eh h{sdqghg lq d Irxulhu vhulhv

�+w, @

"]

3"

h{s l$w �+$,g$

wkhq zh fdq uhzulwh wkh h{suhvvlrq iru [+w, dv=

[+w, @

|]

3"

�+w� �,J

"]

3"

h{s l$� �+$,g$g�

@

"]

3"

h{s l$w

;?
=

|]

3"

�+w� �,J h{s l$+� � w,�+$,g�

<@
> g$ +56,

@

"]

3"

h{s l$w�+$,J�+$,g$

zkhuh

�+$, @

"]

f

h{s l$w�+w,g$ +57,

Lw iroorzv iurp wklv wkdw wkh vshfwudo ghqvlw| ri [+w, lv=

Sf+$, @ m�+$,J�+$,m2 +58,

Ri frxuvh wklv ghshqgv rq htxdwlrq +57, h{lvwlqj1 Li wklv lv qrw wkh fdvh/ wkhq gluhfw phdqv pd|
zrun1

516 H{dpsohv

Iluvw rughu v|vwhp gulyhq e| qrlvh Iru wklv v|vwhp zh kdyh

{+w, @

|]

|f

�+�,g� @

|]

|f

;?
=
"]

3"

�+$, h{s l$�g$

<@
>g�

@

"]

3"

;?
=

|]

|f

�+$, h{s l$�g�

<@
>
g$ +59,

@

"]

3"

�+$,
4

$
+h{s l$w� h{s l$wf,g$

Wkh vshfwudo ghqvlw| lv wkhq=

Sf+$, @ m�+$,m2
4

$2
+5:,
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51614 Vhfrqg rughu v|vwhp gulyhq e| zklwh qrlvh1

Vxssrvh zh wdnh wkh vhfrqg rughu v|vwhp suhylrxvo| vwxglhg/ dqg prgli| lw vr wkdw zh kdyh=

g

gw

#
{

b{

$
@

#
3 4
�e �d

$#
{

b{

$
.

#
3
�+w,

$
+5;,

Wr �qg wkh vshfwuxp ri {+w, zh qhhg=

�+$, @

"]

f

h{s l$w h{s+��w,
vlqw


gw +5<,

@
4

� � l+$ .,

4

� � l+$ �,
+63,

zkhuh L kdyh vxevwlwxwhg � @
@�

2
= Khqfh

Sf+$, @ m�+$,m2 m�+$,m2 +64,

@ m�+$,m2
4

+�2 . $2 .2,2 � 7$22
+65,

Wkh whup m�+$,m2 kdv d shdn dw

$f @

t
2
� �2 +66,

zlwk pdjqlwxgh 4@+72�2,= H{sdqglqj wklv whup lq d Wd|oru vhulhv derxw wkh shdn zh �qg=

m�+$,m2 @
4

72�2

+
4� +�$,2


2
� �

2

2�2

,
.R

�
�$�

�
+67,

zklfk lpsolhv wkdw wkh kdoi0zlgwk lv

�$ �

2

@

yxxw 5�2

4�
�2

l2

*
s
5� +68,

Wkhvh uhodwlrqv doorz xv wr ghgxfh wkh frh!flhqwv d dqg e1

6 Ndopdq Ilowhulqj

W|slfdoo| zkdw kdsshqv lv wkdw zh kdyh vrph phdvxuhphqwv +zlwk xqfhuwdlqwlhv, ri vrph ri wkh
frpsrqhqwv ri wkh[+w�, dw gl�huhqw wlphv w� =Zh zdqw wr xvh wkhvh phdvxuhphqwv wr rewdlq rswlpdo

hvwlpdwhv ri wkh [+w&,=
Vxssrvh wkdw zh kdyh dq lqlwldo hvwlpdwh a[+w, zlwk fryduldqfh S

	f
dqg d phdvxuhphqw ]+w,

zlwk fryduldqfh S~ = Wkh qhz hvwlpdwh a[n+w, lv jlyhq e|=

a[n+w, @
4

S
3�

	f
. S

3�

~

�
S
3�

	f

a[ .S
3�

~
]

�
+69,

8



zlwk fryduldqfh

S
n

	f
+w, @

4

S
3�

	f
.S

3�

~

= +6:,

Wkh rswlpdo hvwlpdwhv a[n+w, dw d odwhu wlph ws duh hdvlo| irxqg iurp deryh=

a[
n+ws , @ �+ws � w, a[n+w, +6;,

dqg wkh fryduldqfh dw vrph odwhu wlph ws lv jlyhq e|

S
n

	f
+ws, @ �+ws � w,Sn

	f
+w,�A +ws � w, +6<,

Wkhvh htxdwlrqv duh hvvhqwldoo| zkdw duh nqrzq dv wkh �Ndopdq Ilowhu� htxdwlrqv1

614 Olqhdu Htxdwlrq Zlwk Qrlvh Lqsxw

Li zh duh wu|lqj wr hvwlpdwh wkh [+w,/ zh xvh wkh vdph htxdwlrqv dv ehiruh1 Wkh rqo| htxdwlrq

zklfk lv prgl�hg lv wkh htxdwlrq iru wkh fryduldqfh/ zklfk ehfrphv=

S
n

	f
+ws , @ �+ws � w,Sn

	f
+w,�A +ws � w, .

|s]

|

�+ws � �,J�+�,�A +�,JA�A +ws � �, +73,

Li wkh vwrfkdvwlf surfhvvhv duh xqfruuhodwhg/ wkhq zh fdq uhsodfh �+�,�A +�, e| d gldjrqdo pdwul{1

7 Prgho iru XW4

Lq wkh devhqfh ri h{whuqdo shuwxuedwlrqv/ XW4 vkrxog hyroyh olqhduo| zlwk wlph1 Wkhuhiruh/ rxu

vwduwlqj srlqw iru XW4 lv=

g

gw

#
XW4

�ORG

$
@

#
3 4

3 3

$#
XW4

�ORG

$
+74,

zklfk kdv wkh pdwul{ vroxwlrq=#
XW4+w,
�ORG+w,

$
@

#
4 +w� wf,
3 4

$#
XW4+wf,
�ORG+wf,

$
+75,

Wklv fdq eh uhfdvw lq wkh pruh idploldu irup=

XW4+w, @ XW4+wf,� +w� wf,ORG+wf, +76,

ORG+w, @ ORG+wf, +77,

l 1h1/ XW4 hyroyhv olqhduo| zlwk wlph1 Wkhvh htxdwlrqv duh zulwwhq zlwk �ORG ehfdxvh zkdw vroyh

uhsruwv lv _LA�

_|
@ �ORG= Zkhq zh frph wr lpsohphqwlqj wkh �owhu lw lv hdvlhu wr zrun zlwk

_LA�

_|
@ �ORG= zh grq*w kdyh wr vzlwfk wkh vljq ri_LA �

_|
> ru fkdqjh wkh vljq ri ydulrxv whupv lq

wkh fruuhodwlrq pdwul{1

9



Iljxuh 4 lv d sorw ri wkh srzhu vshfwuxp ri XW4 ghulyhg iurp YOEL gdwd1 Dw kljk iuhtxhqflhv/

vd| xqghu 63 gd|v/ wkh vshfwuxp lv zhoo dssur{lpdwhg e|=

SLA�+W, @

�
W

Gd|

�
2

433epv2@FSG +78,

@

�
5�

$

�
2

43
3epv2@FSG @

4

$2
3=336<pv2@FSG

Edvhg rq rxu dqdo|vlv deryh/ wklv lv uhfrjql}hg dv wkh srzhu vshfwuxp |rx zrxog rewdlq e| lqwh0

judwlqj zklwh qrlvh zlwk vshfwudo ghqvlw| ri 3=336<pv
2@G�= Wklv vxjjhvwv wkdw wkh vlpsoh prgho

iru XW4 eh prgl�hg wr= #
XW4

�ORG

$
@

#
3 4

3 3

$#
XW4

�ORG

$
.

#
3

�
u

$
+79,

zkhuh �
u
kdv d xqlirup vshfwudo ghqvlw| ri 3=336<pv2@G�1

D forvhu orrn dw Iljxuh 4 vkrzv wkdw wkhuh duh surplqhqw shdnv dw wkh dqqxdo dqg vhpl0dqqxdo

iuhtxhqflhv1 Li zh zdqw wr lqfoxgh wkhvh shdnv zh qhhg wr wkh prgho iru ORG pruh frpsolfdwhg1

Lq sduwlfxodu/ zh zulwh=

�
u
@ $u .Du . Vu +7:,

zkhuh $u lv zklwh qrlvh/ dqg Du dqg Vu duh dqqxdo dqg vhpl0dqqxdo vhdvrqdo whupv zklfk kdyh
d kduprqlf wlph ghshqghqfh1 Zh douhdg| nqrz krz wr frqvwuxfw d prgho gulyhq e| qrlvh zklfk
kdv d kduprqlf wlph ghshqghqfh1 Wklv zdv grqh lq ---1 Doo zh qhhg wr gr lv slfn wkh frh!flhqwv
edvhg rq wkh orfdwlrq ri wkh shdnv dqg wkhlu zlgwk1

Rxw wrwdo prgho iru XW4 lv wkhq jlyhq dv=

g

gw
[ @ I[ . $ +7;,

zkhuh

[ @

3
EEEEEEEC

XW4

�ORG

Du
bDu

Vu
bVu

4
FFFFFFFD

I @

3
EEEEEEEC

3 4 4 3 4 3

3 3 3 3 3 3

3 3 3 4 3 3

3 3 �eL� �dL� 3 3

3 3 3 3 3 4

3 3 3 3 �eL7 �dL7

4
FFFFFFFD

$ @

3
EEEEEEEC

3

$u

3

$L�

3

$L7

4
FFFFFFFD

+7<,

8 Exloglqj d Prgho iru Srodu Prwlrq

Lq wkh devhqfh ri qrlvh/ d vlpsoh prgho zklfk ghvfulehv srodu prwlrq lv jlyhq e|=

g

gw

#
[

\

$
@ �

#
�

�

2'
�

�4 �

�

2'

$#
[

\

$
+83,

Wkh pdwul{ rq wkh UKV ri wklv fdq eh h{srqhqwldwhg wr jlyh=

�+w, @ h{s+�w
�

5T
,

#
frv�w vlq�w
� vlq�w frv�w

$
+84,

:



zkhuh � lv wkh iuhtxhqf| ri wkh fkdqgohu zreeoh/ dqg T lv wkh txdolw| idfwru1 Lq wkh suhvhqfh ri
DDP dqg RDP wkh vlpsoh SP prgho lv prgl�hg wr=

g

gw

#
[

\

$
@ �

#
�

�

2'
4

�4 �

�

2'

$#
[

\

$
. �

#
�

2'
4

4 �

�

2'

$#
"
�

"
2

$
+85,

Lq dqdorj| zlwk wkh fdvh iru XW4/ zh dovr dgg d vhdvrqdo whup wr SP1 Lw lv zhoo nqrzq wkdw wkh

sroh dovr h{shulhqfhv d orqj whup guliw1 Wklv vxjjhvwv wkdw zh dgg olqhdu whupv dv zhoo1 Lq wklv fdvh

wkh wrwdo prgho iru SP lv jlyhq e|=

[ @

3
EEEEEEEEEEEEC

SP

S[

�
�

�
2

V
bV

gSP

gS\

4
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I @

3
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4
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$ @

3
EEEEEEEEEEEEC

3

3
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3
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$u

$u

4
FFFFFFFFFFFFD

+86,

814 Hydoxdwlrq ri xE|� ' i T |8

Zh qrz wxuq wr wkh hydoxdwlrq ri �+w,= Wkh I pdwul{ iru erwk XW4 dqg srodu prwlrq wdnhv wkh

jhqhudo irup=

I @

3
EEEC

D E� E2 ===

3 F� 3

3 3 F2

3 3 ===

4
FFFD +87,

zkhuh D> E� > F� > duh vxe0pdwulfhv1 Zh zdqw wr hydoxdwh=

h{s wI @

"[

?'f

wI
?

q$
+88,

Wkhruhp 4

I
?

@

3
EEEEEEC

D?
?3�[

�'f
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4
FFFFFFD

q A 3 +89,

Wklv lv wuxh iru q @ 41 L qrz vkrz wkdw li lw lv wuxh iru q lw zloo dovr eh wuxh iru q. 4=

II
?
@

3
EEEEEEC

D
?n�

D
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�'f

D
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+8:,
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@
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D?n�
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�'f
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�'f

D?3�E2F
�

2
===

3 F
?n�
� 3 3

3 3 F
?n�

2
3

3 3 3

4
FFFFFFD

+8;,

zklfk frpsohwhv wkh surri1

Iurp wklv lw iroorzv wkdw

h{s wI @

3
EEEC

h{s wD J�����+w, J��2�2
+w, ===

3 h{s wF� 3 3

3 3 h{s wF2 3

3 3 3

4
FFFD +8<,

zkhuh

J�����
+w, @

"[

?'�

w
?

q$

?3�[

�'f

D
?3�3�

E�F
�
�

+93,

Wkh kdug sduw frqvlvwv ri hydoxdwlqj wklv pdwul{ ixqfwlrq1 Lw pd| kdsshq wkdw wklv fdq eh hydoxdwhg
e| vshfldo wulfnv zklfk ghshqg rq wkh irup ri wkh pdwulfhv zklfk pdnh lw xs1 Wklv wxuqv rxw wr eh
wkh fdvh lq prvw ri zkdw zh gr1 Krzhyhu/ wkhuh duh dovr wzr jhqhudo zd|v wr hydoxdwh lw/ wr zklfk
zh wxuq qrz1

815 C��� dv dq lqwhjudo1

Frqvlghu wkh gl�huhqwldo htxdwlrq zklfk gh�qhv h{s wI =

g

gw
h{s wI @ I h{s wI +94,

Li zh orrn dw wkh r�0gldjrqdo whupv zh jhw wkh iroorzlqj htxdwlrqv=

g

gw
J���+w, @ DJ���+w, .E h{s wF +95,

zkhuh iru vlpsolflw| L kdyh qhjohfwhg wkh vxevfulswv rq E� dqg F� zklfk kdv wkh irupdo vroxwlrq=

J���+wf, @ h
|�

J���+wf, .

|]

|f

h
E|3���

E h
3��

g� +96,

Vlqfh J���+3, @ 3> wklv fdq eh vlpsol�hg wr |lhog=

J���+w, @

|]

|f

h
E|3���

E h
3��
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